2007 Extension 2 Solution (by Terry Lee)
Q1
X

(a) J‘;dx :lsm’l +C.
2 3

V9 —4x?
tan® x

b) | tan? xsec® x dx = ——+C.
® | 3

(c)j xcosx dx =[xsin x]g—j sin x dx
0 0
=[cosx]; =-2
3
d _[4de.
@ 0 v1-X
Let u? =1-x,2u du = —dx.

When x=0,u = 1Whenx—%u:%.

l
—ZI du
1

N\»—l

2 2 201 X 1
e —dx:J. - + dx
()J.;x3+x2+x+1 ;(x+1 X2 +1 x2+1j

2
= [In(x+1) —%In(x2 +1)+tan”’ x}
1

2
=In i——Ini+tan‘12 tan~ 1L
15 2 125 2
1 a1 a1
=In2-=In4+tan~2—-tan" =
2 2

=tan'2-tan'=
For discussion: This answer can be simplified further as

tan’l% but | wonder whether we must do it (since it has

4 marks)

Q2
@ ({)w=4-i
() W—2=4-i—(4+i)=—2i
Zz 4+i_ (4+0)>  15+8i

(i) —= — =
w o 4-i (4—|)(4+|) 17

o o
(b) (i) 1+i =2 (coszﬂsmzj

(i) (1+i)17 =2 (cosiﬂsm“”)
4 4
= 256x/§(cos£+isinfj
4 4

= 256x/_(7+ ITJ

= 256 + 256i.

(c) Letz = x+1y.
11 1 1
—+—== — + -
Z 7 x+iy x-iy

X—iy+ X +1iy
X
x> +y?
=1
L 2X=X2 4y

X2 =2x+y* =0

(x=1)%+y? =1.

The locus is the circle of centre (1,0), radius 1, but
excluding the origin as z # 0.

(d) (i) OQ = OR rotates 60°,.". z, = a(cos%+ isin%] = oa.

(ii) OP = OR rotates (—60°),

—T . . —T T . . T
..z, =a| CoOs— +isin— |=a| cos = —isin=
[cos 7 visin " |=af cos -isin |
) T .. T T .. T
52,2, =a°| cos=+isin= || cos=—isin—
[cosisn cos -isin? |
:az(c052£+sin2£j
3 3

=a’.

(ii)z,+z,=a cos = +isinZ |+a| cos=—isin =
3 3 3 3
=2acosZ =a.
3

.z, and z, are the roots of z* —az +a’, since Y =a,
and [Ta =a’.
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(€) oV =27xySX.

V= ZnJ Xy dx
1

= erj. Xln_x dx
1 X

e
:2”_[ In x dx
1

= 27r[xln x—x]i
=27((e-e)-(0-1)

=27 ud.

(d) (i) Horizontally, F cos @ — N sin @ = mro®

~.Nsin@ = F cos @ —mra? (0]
Vertically, F sin@+ N cosd = mg
..Ncosd=mg—-Fsing 2

(1) xsin @+ (2) x cos @ gives
N = F cos@sin @ —mra” sin @ +mg cos @ — F sin & cos @
=mg cosé —mre?®sin @
(ii) N > 0 then mg cos @ > mra?sin @
o <LOSH
rsiné@

=9 cot 6.

(1,2 r

v

(-2,0 ~ i —

(b) Lety =2x,.". X =%

Substituting to the equation,
3

Y _.3-9
8 2
y® —20y+24=0.

. The required cubic is y* — 20y + 24 or x* — 20x + 24.
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Q4
(@) ZLAM = ZLAP + ZPAB + ZBAM

But ZLAP = ZLBP (angles subtending the same arc are

equal)

ZLBP = ZMBQ (vertically opposite angles)

ZMBQ = ZMAQ (angles subtending the same arc are

equal)

- ZLAM = ZPAB + ZBAM + ZMAQ

= /PAQ.

(b) (i) sin38 =sin(26 + &)
=sin26cosé +cos20sin g
= 2sin@cos® @ + (cos® & —sin® @) sin @
=3sin@cos® & —sin® 6.
(i) 3sin@cos® @ —sin® @
=sin@(3cos’ 0 —sin’ 0)
=sin 6(\/§cose+sin 6)(\/§cosﬁ—sin 6)

=4sin@ £0059+15in 0 ﬁcosa—lsin 0
2 2 2 2

V3 V3

=4sin@ lsim9+—cos9 —lsin6+—cose
2 2 2 2
=4sin a(sin Hcos%+ cos@sin%)

X (sin Hcosz?ﬂ+ cosdsin 2?”)

=4sin 95in(0+£j5in(0+2—”].
3 3

(iii) sin esin(mﬁjsin(mz—”j=lsin39.
3 3) 4

. .1
.. Its maximum value is 7

(c) The slice PQRS has side length e — x.
Its area = (e —Xx)°.
oV =(e-x)*dy
= (e—ey)2 Sy
=(e*—2e"" +e” )5y
Vo= I 1(e2 —2e" +e” ) dy

0
1

= [ezy— 2evH +1e2y}
2

(ez —2¢? +1e2j—(—2e+lj
2 2

~leige
2 2
— 2 —
:%461 unitse’.

@d () La=a-a+p=p=-0
Substituting x by —q gives —g*+q°* —qr+s=0.
Sqr=s.

(i) By inspection, x> + qx® + rx+s = (X + q)(x2 +%J

sX=—qorx -2 jex =J_ri\/§,.'. There are two
q q

imaginary roots.
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Q5
12 12
@) (i) % ~0.36
CG
12 12 12 12 12
(ii) C,x C2+24§5>< C,+7Cs _032.
6
11
Alternatively, E_EX 0.36 =0.32.
2 2
(b) (i) Differentiating both sides of %‘Z—z -1,
2x_2ydy
a’ b? dx
dy _bx
dx a’y

b%x,
L.
1

. The gradient to the curve at P (x,, ;) is

The equation of the tangent:

b*x,
y yl - agyl
azy]_y_ a2y12 — b2X1X—b2X1
b?xx—a’y,y =b’x* —a’y,’.

2 2
X WY X% N o dividing both sides by a’b®.

a? b®> a* b*'’

XX _NY 1, since (x,,Y,) belongs to the ellipse.
a

2 bZ
(i) T (X, Y,) belongs to both TP and TQ, .-.its coordinates must
satisfy both the tangents at P and Q, i.e.

(x=x).

2

TR,
.. The equation of PQ must be X—Xz"—% =1, as (x,y) can be
a

replaced by (x,,¥;) or (X,,,).
(iii) Substituting (x, y) by (ae,0)
aex,

-0=1
a2
X _a'
X =

. T lies in the directrix.

© (i) (x-1)(5-x) =-5+6x—x°
=4—(x-3)°.
La=3b=2

5 5
(ii) I (x—1)(5—x)dx :I 4-(x—3) dx.
1 1
Letx—3=2sin@,dx =2cosd do.

Whenx=1,6':—%; Whenx=5,€:%.

T

J.i\/4—4sin2 0 2cos0 dQ:J.i4cosz 0do
2 2

:2'[E (c0s20+1) d6
2

_ 2[sm 20 +9T
2

4

= 2.

(d) (i) AC = 2AF = 2cos%. Similarly, AD = 2cos%.

The angle sum of a polygon =(n—-2)z,.. the
angle sum of the pentagon = 3.

- /BAE =%,
5

~,CAD=Z.
5

By the Cosine rule,

CD? = AC? + AD? —2AC.AD.COS%
1=4c0s? L+ 4cos? L —2x4cos? LcosZ
5 5 5 5

1=8u? -8u®, givenu = cos%.

-.8u°-8u*+1=0.

(i) 8u® —8u® +1= (2u -1)(4u® —2u -1).

145
4

Solving 4u® —2u—1=0 gives u =

T 1+\/§

. T
= , since cos— > 0.
4 5
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Q6

(@ (i) Leta=b =1,

> 1@@[”}

s 2" > (ZJ foralln> 2.

(ii) From (i) above, 2" > @

1 2

2" n(n-1)

1 4
_— <—
2"t n(n-1)
n+2 4(n+2)
< .
2" n(n-1)
(iii) Letn=1, LHS=1, RHS=4-3=1,.". true!
Assume the statement is true for n =k,

2 k-1
1+2(1j+3(1j +...+k££j :4—%
2 2 2 2

2 k
~RTP1+ 2[3)+3(1j ot (K +1)[3) _g k3
2)7°2 2

2k

2 k-1 k
LHS:1+2(EJ+3(EJ +...+k(lj +(k+1)(1j
2 2 2 2
k+2 1)
:4——2%l +(k+1)(zj
k+2 -k-1
I
:4_2(k+2)—k—1
2k

=4

k+3
2k

= RHS.
s lt's true forn =k +1.
oo lt's true forn > 1.
n+2 4(n+2)

< .
2" n(n-1)
4(n+2) 0 n:Z
n(n-1) 2"

:4—

(iv) From (ii),

-0

As N — o,

2
.. The limiting sum of 1+ 2(%)+3[%) +... 1 4.

ll4el.4! _1.4671.4!

—1.4t

. dx
(b) (')V—E_S el.4[+e

1.4t -1.4t
e —e
-14t "

75 _~¢%
e e

14t 14t \?
.. e —e
2 _
(”) Vo= 49[61'41 N 671.41 j

28 | 028 _ 9
=49 —5 =
e +e " +2

=49

eZ.8t +e—2.8t + 2

2 2
=49 1‘(@) }

1.4t -1.4t 1.4t -1.4t X
X e +e e +e T
But —=1In =e5,
5 2 2

2
2 725x
S = | =€ .
el.4t +e—1.4t

2x
V= 49[1—e5]

e28t L @28t L o 4j

(iv) —0.2v? is the air resistance.
As its velocity increases from 0 to its terminal velocity u
its acceleration decreases from 9.8 to zero.

(v) Its terminal velocity isv = ,/% =7 m/s.
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Q7
(@) (i) Let g(x) =sinx—x
g'(x) =cosx—1<0 for x >0,.. g(x) is decreasing
for all x > 0.
When x=0,g(0) =0,
S g(x)<0
~sinx—x<0
~.sinx < x for x> 0.

. . x?
(i) f (x) =sin x—x+E.

XZ
f'(x)= cosx—1+7.
f"(X) =-sinx+Xx.
From (i), f "(x) > 0,.. f(x) is concave up.
(iii) As f"(x) > 0, f'(x) is increasing. When x =0, f'(0) =0,
- F'(x)>0.
As f (x) is concave up and its gradient is positive, f (x) > 0.

3
. X
o.sin X_X+E>O'

. X3
SsinX > X——.
6

(b) (i) In APUR and AQVR,
ZR is common,
ZPUR = ZQVR =90°,
. APUR ||| AQVR.
PR_PU (corresponding sides in similar triangles
QR QV
are proportional).
(if) But PS =ePU, and QS =eQV,
PU ePU PS
Qv eQv Qs

sin(¢+6) _ PR
sina PS’

In AQrs, SN9 _ QR
Qs

(iiii) In APRS, @

(2)

sina
Q gives —S'n(_¢+0) :Exg
(2) sind PS QR

_PR QS

QR PS

=1, from (i) and (ii).
c.sin(g+8) =sind
Lpg+0=00r7-0

s ¢=m—20, since ¢ = 0.
(iv)As¢—>0,7r—26'—>0,.'.9—>%.
. PS PN
c) (1) Since PS =ePN,— =e——=eco0s .
(©) () oR - PR B

con e PS’ PM

ii) Similarly, — =e——=-ecos .
(i) y PW PW P
_E_ pPS’

PR PW’

In APRS,E =C0S(£RPS), in APWS’,E = cos(£LWPS'),
PR PW
- ZRPS = ZWPS'.
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Q8

(@) (i) Letu =a—x,du = —dx.
When x =0,u=a; Whenx=a,u=0.

e 0

J' “toodk= [ fa—u) (~du)

=| f(a—u)du
0

=| f(a—x)dx
0

(i) J-Oa f (x)dx =%U-: f(X)dX-i-'[: f (a—x)dxj

:%Ia(f(x)+ f(a=x))dx

:%J.: f (a)dx
:% f (a)j:dx
=%f(a)><[x}:

=%f(a).

(b) (i) Thisis a GP, witha =1,r = z°.

Z'Hl—i
ZZn -1 n-1 Zm1
Si == =1 >
-1 27 -1

=z
1
72— |z
z
_ Zn _Zin Zn—l
z-z"

(ii) Let z=cos @ +isin @, by De Moivre's theorem,
z" =cosn@+isinnd.
z" =cos(—nd) +isin(—nd) = cosnd —isinnd, as
cosx is even, and sin x is odd.
. LHS =1+c0s20 +...+cos(2n—2)6
+i(sin260+...+sin(2n-2)6).
cosn@+isinnd —(cosnd —isinng)
RHS = — —
cos@+|5|n49—(0059—|sm 9)
x [ cos(n 1)@ +isin(n-1)6 |
2isinng
" 2ising

sinn@ .
= cos(n—-1)@+isin(n-1)4 |.
sing X[ (1) (=1 ]

x [ cos(n 1)@ +isin(n-1)6 |

(iii) Let £ = 21 by considering the imaginary parts in
n

part (ii),
sin =
sin£+sin2—”...+sin (h=Dz _ "2 sin (n=Dz
n n n sin = 2n
2n

.o .27 . (n-Yx
siINn—+SsIN—+...+SIN———
n n n

© () d, +d, +..+d, , =

sinz
n
T
CO0S—
2n
cotl sini
__on_ an 1
sin” 2sin"cos X 2sin? =
2n 2n
.e p n 2-27[
) —=———=2n"sin" —.
N osin &
2n
ﬂzsinzl sin = 2
(i) =2 — 2N Agn o0, —20 53 P T
g9 2 7 2 q 2
4n? 2n
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